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We investigate the plasma enhancement of nuclear reactions in the intermediate coupling regime
using orbital free molecular dynamics (OFMD) simulations. Mixtures of H-Cu and H-Ag serve as
prototypes of simultaneous weak and strong couplings due to the charge asymmetry. Of particular
importance is the partial ionization of Cu and Ag and the free electron polarization captured by
OFMD simulations. By comparing a series of OFMD simulations at various concentrations and
constant pressure to multi-component hyper netted chain (MCHNC) calculations of effective binary
ionic mixtures (BIM), we set a general procedure for computing enhancement factors. The MCHNC
procedure allows extension to very low concentrations (5% or less) and to very high temperatures
(few keV) unreachable by the simulations. Enhancement factors for nuclear reactions rates extracted
from the MCHNC approach are compared with the Salpeter theory in the weak and strong coupling
regimes, and a new interpolation is proposed.
I. INTRODUCTION
Since the seminal work of Salpeter [1, 2], it is recog-
nized that fusion reaction rates in stars are enhanced by
the plasma environment in every stage of their evolution
from main sequence stars to red giants, and eventually
for the cooling of white dwarfs and the explosions of su-
pernovae. To first order, the two-body Coulomb interac-
tion between the reacting nuclei is not modified and the
plasma effect is mainly a constant lowering of the many-
body Coulomb barrier, enhancing quantum tunneling.
This enhancement depends strongly on the physical con-
ditions of the plasma, whether weakly or strongly coupled
as determined by the ratio between the Coulomb inter-
action and thermal energy. The strength of this coupling
must be considered when the stars evolve across coupling
regimes. The enhancement depends also on the com-
position of the plasma, which varies from hydrogen-rich
to degenerate carbon-oxygen cores. In addition, young
stars and giant planets mix hydrogen with helium and
traces of heavier elements while white dwarf stars mix
carbon with other high atomic number Z elements. Su-
pernovae are subjected to violent shock-driven explosions
creating heavy elements that blend with primordial hy-
drogen. These systems fall in the regime of matter un-
der extreme conditions and warm dense matter (WDM).
Mixtures also play a significant role in inertial confine-
ment fusion (ICF). For example, mixing of the plastic
ablator into the fuel has been used to partially explain
lower than expected yields in ICF experiments [3–6].
Salpeter [1, 2] proposed two formulations to account for
the plasma enhancement, which are valid in the limiting
cases of weak and strong coupling. Both models apply
equally to plasma mixtures. Salpeter called the model for
weak coupling “weak screening”, which causes enhance-
ment of fusion reactions in, for instance, main sequence
stars. He called the model for strong coupling ”strong
screening”, which increases the fusion reaction rates by
FIG. 1. Snapshot extracted from an orbital free molecular
dynamics simulation of a mixture of hydrogen (grey) with 5%
in number of copper (yellow) at 100 eV and 6.6 g/cm3. Copper
ions that are ionized 10 times more than hydrogen are drawn
with a bigger radius.
several orders of magnitude, mainly in white dwarf stars.
The term “screening” should refer to the shielding of
ion–ion interactions by the electron polarization. At
weak coupling (“weak screening” model), both the elec-
trons and the ions act to enhance fusion reaction rates
through the Debye screening lengths. In contrast, for
white dwarf stars for instance, the electrons are highly
degenerate and form a uniform rigid background (jel-
lium). In this case (”strong screening” model), the elec-
tron screening does not contribute to the enhancement
of fusion reactions. Many theoretical attempts have been
devoted to model the transition between weak and strong
coupling [7–17]. In the intermediate coupling regime
typical of WDM, many challenging questions appear:
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2How does the electron polarization evolve across coupling
regimes [17]? How does one account for partial ionization
of spectators [18]? Is there a peculiar regime associated
with asymmetric mixtures [19] where the highest charged
ions behave as a strongly coupled plasma and the lowest
charged ions as a weakly coupled plasma?
As tools to investigate these issues, molecular dynam-
ics simulations, a snapshot of which is shown in Fig. 1,
and the Monte Carlo calculations are particularly de-
manding since resolution of the small r behavior of the
pair distribution function g(r) is statistically difficult.
The one component plasma (OCP) has been studied ex-
tensively providing many analytical formula across cou-
pling regimes. To a lesser extent, binary ionic mixtures
(BIM) have also been studied with applications focused
on the carbon-oxygen cores of white dwarf stars. More
asymmetric mixtures, with charge ratios up to 44 have
recently been examined [19]. To our knowledge, no sim-
ulations exist which account for the polarization of the
free electrons around the ions, nor any simulations per-
formed where the ionization of the atoms can adapt to
the physical conditions of the plasma. The present state
of the art leaves many unanswered questions.
In this paper, we present orbital free molecular dy-
namics (OFMD) simulations of asymmetric mixtures:
hydrogen–copper (H-Cu) and hydrogen-silver (H-Ag).
We first compared H-Cu and H-Ag at 100 eV to in-
vestigate the effect of a difference in the atomic num-
ber of the impurity. We choose these highly asymmetric
mixtures in order to adequately challenge our analyti-
cal models. We extended our study with H-Ag mixtures
at 100, 400, and 1600 eV to explore lower plasma cou-
plings. We show that, while the structure of the sin-
gle component systems can be reproduced by the effec-
tive one component plasma (eOCP) [20], the structure
of the mixture is well described by the effective binary
ionic mixture (eBIM) counterpart. Since a simple for-
mulation for BIM structure is not available, we use a
multi-component hyper-netted chain (MCHNC) estima-
tion [21, 22]. Based on to the satisfactory agreement
between simulations and MCHNC calculations, we used
the MCHNC method to predict enhancement factors for
nuclear reactions between hydrogen nuclei. This proce-
dure allows us to overcome the limitations of numerical
simulations and to consider very low heavy element con-
centrations, e.g. 1%, and to investigate a wider range
of temperatures up to a few keV. Estimates of enhance-
ment factors versus heavy element concentration at con-
stant temperature and pressure are compared with the
Salpeter formulations for weak and strong couplings.
For the sake of clarity, we define some general nota-
tion. We consider binary mixtures of N1 atoms of a
light element of atomic number Z1 and mass A1, and
N2 atoms of heavier atoms (Z2, A2) with N = N1 +N2.
We will refer to the number concentration of the heavy
element by x = N2/N . The total volume V sets the
total density, ρmix, and the average distance between
atoms, the Wigner-Seitz radius, given in atomic units
by a = [3/(4pin)]
1/3
/aB , where aB is the Bohr ra-
dius. n = Nρmix/ 〈A〉 is the total number density,
〈A〉 = (1 − x)A1 + xA2 the average atomic mass and
N the Avogadro number. The Wigner-Seitz radius a
and the temperature T , when expressed in atomic units,
define the charge independent coupling parameter of the
mixture by Γ0 = (aTau)
−1, with Tau = TeV /27.2.
After a brief review of the Salpeter theory (Sec. II),
some details are given on MCHNC calculations in Sec. III,
and on OFMD simulations in Sec. IV. Both approaches
are compared with respect to the ionic structure in
Sec. V. The determination of the enhancement factor is
presented in Sec. VI and compared with Salpeter’s mod-
els in Sec. VII.
II. SALPETER’S THEORY
Here, we review Salpeter’s formulations at weak and
strong couplings [1, 2], and we propose a generalization
for partially ionized plasma mixtures.
The cross section σ(E) of nonresonant fusion reactions
between nuclei of charge Zi and Zj at low energy E can
be expressed as
σ(E) =
S(E)
E
exp [−2pi η(E)] , (1)
where the astrophysical factor S(E) is a slowly varying
function of E and η(E) arises from the quantum tunnel-
ing through the Coulomb barrier. The reactivity 〈σv〉 is
obtained by averaging over the Maxwellian distribution
for the relative motion, the product of the cross section σ
and a particle flux. The reaction rate per unit of volume
is:
R =
1
1 + δij
ninj
∫ ∞
0
dE S(E) exp
[
−2piη(E)− E
kT
]
,
(2)
where the Kronecker symbol δij excludes double count-
ing of the collisions in reactions between identical nuclei
of density ni = nj . In many cases, the integrand of R
presents a strong peak, named after Gamow, formed by
the product of the increasing cross section σ and the de-
creasing Maxwellian.
Salpeter considered the first-order correction to the
Coulomb potential due to the plasma environment, which
is a constant lowering (−H0). Since the reaction occurs
then in a potential shifted downward by H0, the calcu-
lation proceeds as if the relative energy E were shifted
upward by H0 in an unshifted Coulomb potential. The
reaction rate with account of plasma effect reads
RS =
1
1 + δij
ninj IS , (3)
with
IS =
∫ ∞
0
dE S(E +H0) exp
[
−2piη(E +H0)− E
kT
]
.
(4)
3Performing a change of integration variable leads to
IS =
∫ ∞
H0
dE S(E) exp
[
−2piη(E)− E −H0
kT
]
. (5)
The lower integration limit H0 can be shifted to 0 if the
Gamow peak is narrow enough and does not contribute
in that range. The rate is then enhanced by a factor fS
given by
fS =
RS
R
= exp
(
H0
kT
)
. (6)
At very high coupling, some further corrections are
needed that correspond to the next order in (r2) of the
small-r expansion of the screening potential Hij(r), the
limit of which is H0 at vanishing r [10, 16, 23].
The second step evaluates H0 in a mean field approx-
imation. This approach has been developed further by
DeWitt et al. [7, 8], Jancovici [24], and Ogata et al. [10]
who showed that the small r behavior of the pair distri-
bution function (PDF) gij(r) gives access to the corre-
sponding expansion of the screening potential Hij(r)
gij(r) = exp
[
−Vij(r)−Hij(r)
kT
]
, (7)
where Vij(r) is the direct pair interaction potential be-
tween the reacting nuclei. Under the assumption of com-
plete ionization, which will be discussed below, this po-
tential involves the atomic numbers Zi and Zj
Vij(r) =
ZiZj e
2
r
. (8)
The PDF is the ratio of the number density of species
i to the ideal gas density at a distance r away from a
particle of species j. In particle simulations, it is obtained
averaging histograms accumulated on several snapshots
according to
gij(r) =
V
Ni(Nj − δij)
〈
Ni∑
p
Nj∑′
q
δ(r− r(ij)pq )
〉
, (9)
where the primed sum excludes q = p if i = j. In classical
statistical physics, the PDF is given for a single species
plasma by
g(r) =
N(N − 1)
n2Z
∫
dr3 . . . drN exp
(
− U
kT
)
, (10)
where U is the sum of all pair interactions, and Z is the
configurational integral associated with the excess free
energy A of the system
Z =
∫
dr1 . . . drN exp
(
− U
kT
)
= exp
(
− A
kT
)
. (11)
The preceding authors [7, 8, 10, 24] elaborated on an
argument originally due to Widom [25] and showed in
particular that H0 is related to the difference between
the excess free energy before and after the fusion reac-
tion, i.e. when the nuclei of charge Zi and Zj have formed
a compound nucleus of charge (Zi+Zj). At the very high
densities of white dwarf stars and neutron star outer en-
velopes, quantum effects between the reacting and spec-
tator nuclei introduce additional corrections [26–29].
A. Salpeter’s formulation at weak coupling
For weak coupling, the potential of mean force between
the nuclei is often assumed to be of the Debye-Hu¨ckel
type
Vij(r)−Hij(r) = ZiZj e
2
r
exp
(
− r
λ
)
, (12)
where λ is the total Debye screening length
1
λ2
=
∑
i
1
λ2i
+
1
λ2e
. (13)
Each species i contributes with its own Debye length
1
λ2i
=
4pi niZ
2
i e
2
kT
, (14)
and the screening length of the electrons can differ from
the ion expression at non-negligible degeneracy. In any
case, the value of H0 is given either from the free en-
ergy difference or simply from the difference between the
Coulomb and Debye-Hu¨ckel potentials
H0 = lim
r→0
[
ZiZj e
2
r
− ZiZj e
2
r
exp
(
− r
λ
)]
, (15)
=
ZiZj e
2
λ
.
The Debye approximation is inadequate at short distance
for the electrons since their density can not be obtained
in linear response close to a nucleus. Brown and Sawyer
[30] recently proposed an original and more physically
sound derivation of the weak coupling Salpeter result.
B. Salpeter’s formulation at strong coupling
For strong coupling, Salpeter approximated the free
energy difference by assigning the value of H0 by a dif-
ference of interaction energies. He also assumed that
the electrons are completely degenerate and form a uni-
form background. In such a situation, a plasma mixture
can be viewed as a collection of neutral spheres of radii
aj (ion sphere model), filled with a constant density of
electrons neutralizing the nucleus of charge Zj . The ra-
dius ai of each sphere depends on each nuclear charge Zj
and ensures that the volume per electron stays constant
throughout the system
4pi a3j
3Zj
=
V∑
iNiZi
=
4pi a3
3 〈Z〉 , (16)
4where 〈Z〉 = ∑i xiZi is the mean charge of the nuclei
(xi = Ni/N). The interaction energy of each ”pseudo-
atom” is
W (Zj) = − 9
10
Z2j e
2
aj
. (17)
Therefore, H0 is given by the energy difference between
the composite pseudo-atom of nucleus charge (Zi + Zj)
and the pseudo-atoms of nucleus charges Zi and Zj .
H0 = W (Zi + Zj)−W (Zi)−W (Zj). (18)
C. Partial ionization formulation
In many cases at intermediate coupling, the plasma
is partially ionized. Whereas the fusion reaction ul-
timately occurs between the nuclei of two completely
stripped atoms, the spectator ions of the plasma retain
their bound electrons and their cloud of polarized free
electrons. This problem is less acute for hydrogen at high
temperature where Q1 ∼ Z1 = 1 but could have some im-
portance for C-C reactions. Besides, high-Z impurities,
like iron in the sun, rarely reach complete ionization.
We generalize Salpeter’s formulations empirically us-
ing the partial ionization Qi of species i in place of Zi.
The evolution of the bound electrons and the polariza-
tion clouds around the reacting nuclei before and after
the reaction is unresolved faute de mieux. In the OFMD
simulations, the close encounters are never close enough
to probe this stage. However, the simulations probe as
realistically as possible the effect of the spectator atoms.
To complete this generalization, the ionization Qi of
each species i needs to be modeled. We propose to use
the average atom approximation. For each species i, we
require that the electron density ne at the boundary of
the confinement sphere of radius ai be the same and be
shared by all species. This kind of modeling is called ”iso-
ne” in the plasma community. If one considers that the
electron density in excess of ne and the nucleus represents
an effective ion of charge Qi(ai, T ), the neutrality of the
average atom implies
Qi(ai, T ) =
4
3
pi a3i ne. (19)
The different radii ai and ionizations Qi are then ob-
tained solving Eq. (16) iteratively with Qi(ai, T ) in place
of Zi, leading for the case of light–heavy mixtures (H-Cu
or H-Ag) to
a1
Q
1/3
1
=
a2
Q
1/3
2
=
a
〈Q〉1/3
, (20)
where 〈Q〉 = (1 − x)Q1 + xQ2 is the average charge.
Starting from a1 = a2 = a, the solution is quickly
reached, using More’s fit [31, 32] of the Thomas-Fermi
average ionization to determine Q1 an Q2 at each it-
eration. The effective ionizations Qi(ai, T ) include the
polarization cloud of free electrons around the nucleus
in addition to the bound electrons. This accounts im-
plicitly for electron screening of the ion-ion interactions.
Consequently, the explicit electron contribution to the
enhancement factor at weak coupling must be discarded
to avoid double-counting their screening effect.
When we analyze OFMD results using the MCHNC
method, we make the additional assumption that the
charges Qi(ai, T ) are point-like ions in an electron jel-
lium. For pure element, this defines an effective OCP
concept that has been shown to give a comprehensive pic-
ture of the short-range properties, such as the PDF, the
equation of state and the transport coefficients [20, 33–
36]. We shall see that this concept stays valid for plasma
mixtures, defining an effective BIM representative of the
real system as simulated with OFMD.
Defining an average over the charges by 〈Qn〉 =∑
i xiQ
n
i , the generalized weak coupling Salpeter en-
hancement factor of the fusion reaction between nuclei
of species i and j reads
hW =
H0
kT
= QiQj Γ0
√
3Γ0 〈Q2〉. (21)
The strong screening Salpeter’s formulation is
hS =
H0
kT
=
9
10
Γ0 〈Q〉1/3
[
(Qi +Qj)
5/3 −Q5/3i −Q5/3j
]
.
(22)
For reactions between hydrogen atoms this leads to the
following formula for strong and weak coupling regimes
hW = Q
2
1 Γ0
√
3Γ0 〈Q2〉 (23)
hS = 1.057 Γ0 〈Q〉1/3Q5/31 . (24)
III. MULTI-COMPONENT HNC
The HNC approach for a single species plasma is based
on the general Ornstein-Zernike (OZ) relation
h(r) = c(r) + n
∫
c (|r− r′|)h(r′)dr′, (25)
in which h(r) = g(r) − 1 and c(r) is the direct corre-
lation function. The OZ relation introduces the direct
correlation between two particles separated by r (first
term), but also accounts for the correlation due to all of
the other pairs (second term). To determine g(r) from a
two-body potential V (r) we use a closure relation
c(r) = −βV (r) + h(r)− log [h(r) + 1] +B(r), (26)
where β = 1/kT . It is useful to write Eq. (26) as
βH(r) = n
∫
c (|r− r′|)h(r′)dr′ +B(r) (27)
= βV (r) + log(g(r)),
which emphasizes that the screening function H(r), in-
troduced in Eq. (7), is an essential ingredient of both
5the theory of plasma enhancement of the nuclear reac-
tions and the HNC integral equations. B(r) is the bridge
function representing three-body and higher order corre-
lations. In the original HNC scheme, B(r) is neglected.
The generalization to system of M different species
leads to as many OZ relations and closures as pair inter-
actions between species [21, 22]
hij(r) = cij(r) + n
M∑
k=1
xk
∫
cik (|r− r′|)hkj(r′)dr′
cij(r) = −βVij(r) + hij(r)− log [hij(r) + 1] +Bij(r),
(28)
The inputs of the MCHNC calculations are the
charges, concentration, density, and temperature. The
charges Q1 and Q2 are obtained through the iso-ne pre-
scription given by Eq. (20) in Sec. II C. Table I collects
the input parameters for the MCHNC calculations in
columns 4-6, for each concentration x and temperature.
Note the relative constancy of the ionizations Q1 and Q2
with respect to x. The different data associated with
a given concentration x of heavy atoms are constrained
to be at the same pressure as confirmed by the OFMD
pressure given in column 3. This constraint is almost
equivalent to a requirement of constant electron density,
since the total pressure is dominated by the electron pres-
sure, and the electron pressure is mainly driven by the
electron density. Therefore, our iso-ne procedure gives
almost the same ionization whatever the concentration
x. The only varying parameter is the coupling Γ0 which
depends on the density at constant temperature.
IV. OFMD SIMULATIONS
Simulating mixtures like H-Cu or H-Ag at hundreds of
eVs and about 2-30 g/cm
3
, where the heavy component
cannot be considered as fully ionized, is not a simple
task. In these conditions, quantum molecular dynamics
simulations based on the Kohn-Sham representation are
particularly challenging, due to the large number of or-
bitals required. On the other hand, classical molecular
dynamics simulations would be tractable, but need an a
priori knowledge of ionization, and more generally of in-
teractions between species. To ensure the ab initio aspect
of the simulations, we used OFMD simulations [37, 38]
that are particularly well adapted to this range of ther-
modynamic conditions and use no empirical parameters,
e.g. ionization. The method relies on the finite tempera-
ture Thomas-Fermi functional for electron kinetic energy
which does not require orbitals, but only the density,
in the spirit of the original Hohenberg-Kohn theorem.
OFMD allows the study of plasmas of any atomic num-
ber with a constant computational cost in a wide range
of temperature and density.
We ran OFMD simulations with the Perrot finite-
temperature exchange-correlation functional [39] for H-
Cu and H-Ag mixtures at various concentrations and
TABLE I. Parameters for OFMD simulations (2 first columns)
and MCHNC calculations (a, Q1, Q2 from Eq. 20) and result-
ing screening potential H0 at vanishing r for a H-Cu mixture
at 100 eV and H-Ag mixtures at 100, 400 and 1600 eV, for var-
ious concentrations x. ρmix is the density in g/cm
3. Column
3 gives the OFMD pressure in units of the corresponding pure
hydrogen pressure at 2 g/cm3. Screening values in bold corre-
spond to the OCP enhancement for pure hydrogen.Gamma0
is the charge independent coupling parameter.
H-Cu 100 eV
x% ρmix P/PH a Q1 Q2 10
2Γ0 10
2H0/kT
0 2.00 1. 1.10 0.919 - 24.6 13.3
5 6.56 0.970 1.19 0.916 9.91 22.9 20.4
10 9.60 0.968 1.26 0.914 9.93 21.5 23.6
25 14.7 0.952 1.45 0.911 9.97 18.8 27.7
50 18.3 0.939 1.68 0.909 10.01 16.2 30.1
75 20.0 1.034 1.86 0.908 10.03 14.6 31.2
100 21.0 0.928 2.00 - 10.05 13.5 -
H-Ag 100 eV
x% ρmix P/PH a Q1 Q2 10
2Γ0 10
2H0/kT
0 2.00 1. 1.10 0.919 - 24.6 13.3
5 9.60 0.989 1.21 0.915 11.93 22.5 21.9
10 14.3 0.966 1.30 0.913 12.00 21.0 25.4
25 21.5 0.949 1.51 0.910 12.11 18.0 29.7
50 26.3 0.944 1.77 0.909 12.19 15.4 32.1
75 28.5 0.941 1.97 0.908 12.23 13.8 33.1
100 29.7 0.936 2.13 - 12.26 12.7 -
H-Ag 400 eV
x% ρmix P/PH a Q1 Q2 10
2Γ0 10
2H0/kT
0 2.00 1.00 1.10 0.979 - 6.16 2.3
5 7.95 1.01 1.29 0.977 24.47 5.28 7.1
10 10.7 0.99 1.43 0.976 24.21 4.76 8.3
25 14.0 0.97 1.74 0.975 23.94 3.90 9.3
50 15.8 0.97 2.10 0.974 23.81 3.24 9.8
75 16.5 0.97 2.36 0.974 23.76 2.88 9.9
100 16.9 0.96 2.58 - 23.74 2.64 -
H-Ag 1600 eV
x% ρmix P/PH a Q1 Q2 10
2Γ0 10
2H0/kT
0 2.00 1. 1.10 0.995 - 1.54 0.3
5 6.37 0.997 1.38 0.994 40.27 1.23 1.7
10 7.86 0.990 1.59 0.994 40.10 1.11 2.0
25 9.36 0.987 2.00 0.994 39.96 0.85 2.2
50 10.0 0.985 2.44 0.994 39.89 0.70 2.3
75 10.3 0.984 2.76 0.994 39.87 0.62 2.3
100 10.4 0.984 3.02 - 39.85 0.56 -
temperatures. H-Cu and H-Ag are compared at 100 eV
and little effect due to a difference in the atomic number
of the impurity is found. Lower plasma couplings were
explored with H-Ag mixtures at 100, 400, and 1600 eV.
We used a total number N = 432 particles with a time
step ranging from 2 to 0.5 atomic unit of time (a.u.) at
1600 eV. A time step of 10 a.u. would be sufficient to
accurately treat pure Ag at 1600 eV due to the strong
interactions between highly charged silver atoms. How-
ever, an accurate simulation of mixtures with hydrogen
atoms requires smaller time-steps, by at least one order
of magnitude, to account for the weakly coupled regime
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FIG. 2. (Color online) Comparison between the electron-
nucleus bare Coulomb potential (red solid line) and the regu-
larized potential with a cutoff radius rcut of 0.3a (green dashed
line) or 0.1a (blue dot dashed line).
of hydrogen. To set the temperature, simulations were
performed in the isokinetic ensemble, which has proven
to be very efficient in equilibrium situations.
In the present context, it must be emphasized that the
electron-nucleus potential must be regularized at short
distance, to avoid divergencies of the electron density in
the Thomas-Fermi description, which leads to a Fourier
expansion of the density over a prohibitive number of
components [38]. This norm-conserving pseudo-potential
introduces a cutoff radius rcut, which is usually taken
as rcut = 0.3a. Below a distance of 2rcut, the ion-ion
interactions are affected by this regularization. We show
in Fig. 2, that this regularized potential is slightly lower
than the coulomb one between rcut/3 and rcut and goes
to a constant below rcut/3. For relative distances r <
2rcut, overlaps happen, but between 2rcut/3 and 2rc the
distribution functions g(r) are not strongly affected by
this regularization. In contrast, screening functions H(r)
are very sensitive to the short range behavior, and data
below 2rcut must be taken with care.
A series of increasing concentrations have been per-
formed following an isobaric rule, representative of the
experimental conditions of mixing layers, e.g. in ICF
targets. Concentrations of 0 (pure hydrogen), 5, 10,
25, 50, 75, and 100% in the heavy element were con-
sidered at various temperatures, all at the same pressure
corresponding to the pressure PH of pure hydrogen at
2 g/cm
3
(volume V1). To determine the mixture density
ρmix at the same pressure, we search for the density of
the pure heavy component that gives same pressure as
the pure hydrogen, which defines a volume V2, and use a
simple composition rule
ρmix =
(1− x)A1 + xA2
(1− x)V1 + xV2 . (29)
Corresponding densities and Wigner-Seitz radii are
given in Table I for each concentration. In this table,
the pressures of H-Cu and H-Ag mixtures at 100 eV are
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FIG. 3. (Color online) Pair distribution functions of the
H-Cu mixtures at 100 eV and concentration, x, from 5 to
75%, see Table I. From left to right, in black: hydrogen-
hydrogen; blue: hydrogen-copper; red: copper-copper. Open
circles: OFMD simulations, solid lines: MCHNC computa-
tions. Dot dashed line corresponds to a pure hydrogen OCP
at Γ = Q21 Γ0 = 0.2 scaled to atomic units using a.
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FIG. 4. (Color online) Same as Fig. 3 for the H-Ag mixtures
of Table I at 400 eV. Dot dashed line corresponds to a pure
hydrogen OCP at Γ = Q21 Γ0 = 0.06 scaled to atomic units
using a.
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FIG. 5. Enlargement of the peak of gHH as a function of Cu
concentration (from top to bottom: 5, 10, 25, 50 and 75%).
Circles are the OFMD results, the dot dashed lines are the
effective OCP for pure hydrogen, at Γ = Q21 Γ0 = 0.2 scaled
to atomic units using a, and black solid lines are the MCHNC
computations with Q1, Q2 and a given in Table I.
very similar since in both cases we used the same ref-
erence pressure point (hydrogen at 2 g/cm
3
). The slight
variations of the pressures reached in OFMD simulations,
can be traced back to the mixing rule of Eq. (29) and a
simplified equation of state based on the OCP and the
homogeneous electron gas [40].
V. STRUCTURE OF THE MIXTURE
An overview of the structure of H-Cu and H-Ag mix-
tures is depicted in Fig. A.1 for all concentrations and
temperatures considered in Table I. Fig. 3 and Fig. 4 give
details for H-Cu at 100 eV and H-Ag at 400 eV. The
three PDFs, gHH, gHZ, and gZZ (Z=Cu or Ag) obtained
by OFMD simulations are shown for four selected con-
centrations x (5, 10, 25 and 75%). Note that the 5% con-
centration structure in Fig. 3 is the statistical analysis of
Fig. 1. The structure of the three pair distribution func-
tions reflects the increasing strength of the interactions
between ions. The Z-Z PDF exhibits a well defined peak
which is also reproduced by an eOCP, with the heavy
component being the dominant scatterer. On the con-
trary, it is not possible to find an eOCP that matches
the H-H structure due to the crowding effect on H atoms
induced by the heavy elements. The difference in height
between H-H PDF (black circles) and the OCP result
(dot-dashed lines) for pure hydrogen is a measure of this
compression effect. To accurately describe the mixture,
one needs to generalize the eOCP concept to an eBIM for
mixtures. The MCHNC model provides a way of comput-
ing such an eBIM, with effective ionizations Q1, Q2 given
by some external model, such as the iso-ne prescription
used here. The values are given in Table I. With this
choice of parameters ( columns 4-6 of Table I) we get
an excellent overall agreement between OFMD simula-
tions and MCHNC calculations of the BIM as shown in
Figs. 3-4 and in Fig. A.1. This confirms the pertinence of
the iso-ne prescription within the BIM description.
An enlargement on the hydrogen structure in the pres-
ence of an increasing proportion of copper is shown in
Fig. 5. The over-compression clearly appears when com-
pared with the eOCP at Γ = Q21 Γ0 = 0.2, which corre-
sponds to pure hydrogen at 2 g/cm
3
and 100 eV. This
structure of overcorrelation is well reproduced by the
MCHNC model even at large scale, where statistical noise
appears. At low concentration in the heavy material
(5%-10%), we observe a mismatch between the OFMD
and MCHNC calculated gZZ heavy correlation functions.
This could be easily fixed by an empirical correction of
the Wigner-Seitz radius, a, which scales MCHNC results.
We identified this feature as originating partially from
the exchange and correlation corrections to the Thomas-
Fermi functionals. At temperature around 100 eV this
mismatch amounts to an underestimation by about 10%
of the screening factors. Since this feature vanishes with
temperature (see Fig. 4 and Fig. A.1), we did not correct
for it in the temperature range of interest for fusion reac-
tions (T & 1 keV). The agreement between OFMD sim-
ulations and MCHNC calculations motivates application
of the MCHNC approach to compute nuclear enhance-
ment factors.
VI. DETERMINATION OF THE
ENHANCEMENT FACTOR
The information on screening is expressed by the func-
tion
H(r)
kT
=
Γ
r
+ log[g(r)], (30)
which is the difference between the bare coulomb poten-
tial (Γ/r) and the potential of mean force. In section V,
we saw that the MCHNC approach reproduces the over-
all structure given by OFMD simulations. To check the
compatibility of both approaches at vanishing distance,
we have plotted in Fig. 6 the function r log(g(r)), which
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FIG. 6. Comparison of the function r/a log(gHH(r)) as ob-
tained from OFMD simulations of the H-Cu mixture of Table I
at varied concentrations (open circles) and MCHNC calcu-
lations (solid lines). This function intercepts the y axis at
(−Γ = −Q21 Γ0) (red segment on y axis) with a slope equal
to H0/kT . The vertical blue lines correspond to the cutoff
radius 2rcut (solid) and 2rcut/3 (dashed).
intercepts the y axis at (−Γ = −Q21Γ0) with a slope equal
to H0/kT . The agreement between both approaches is
very good except at short distance (r < 2rcut), where
OFMD points exhibits some scatter. As discussed in sec-
tion IV, the electron-nucleus potential must be regular-
ized below rcut. At r < 2rcut, overlaps happen, which
explains the scattered data in this range. The MCHNC
calculation extrapolates the OFMD results at contact,
which determines the enhancement factor H0/kT . As
a consequence, MCHNC allows one to investigate also
situations too demanding for simulations, e.g. very low
concentrations and high temperatures.
VII. COMPARISON WITH SALPETER’S
THEORY
All these comparisons substantiate a standard ap-
proach based on the iso-ne prescription to define effec-
tive charges feeding the MCHNC calculations of the cor-
responding BIMs. We compare in Figs. 7 and 8 the esti-
mates of the enhancement factor (blue triangles) with
the Salpeter predictions. The value of H0/kT for a
0 25 50 75
x (%)
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FIG. 7. (Color online) MCHNC values (blue triangles) of the
enhancement factor H0/kT for the H-Ag mixtures of Table I
at 100, 400 and 1600 eV versus concentration, compared with
the Salpeter formulations for strong coupling hS (red solid
lines) and weak coupling hW (black dashed lines). The red
dot dashed lines correspond to the interpolation hII given by
Eq. (31) with α = 2 and Eq. (32).
hydrogen-silver mixture is shown versus concentration x
for temperatures of 100, 400 and 1600 eV in Figs. 7 and
3200, 6400 and 12800 eV in Fig. 8. The input data for
Figs. 7 and 8 are given in Table I and II, respectively. For
each temperature, the black dashed line is the Salpeter
weak coupling formulation, hW , and the red solid line
Salpeter formulation for strong coupling, hS . At 100 eV,
hW strongly overestimates the results for all concentra-
tions and is 2-3 times higher than the MCHNC results.
In contrast, hS slightly underestimates them up to tem-
peratures of 3200 eV, where all predictions are equivalent.
At higher temperatures, 6400 and 32800 eV, the hS pre-
diction becomes larger than hW and our results are in
excellent agreement with the weak coupling formulation,
hW .
It is thus tempting to look for an interpolation for-
mula. The standard interpolation is the harmonic aver-
age which selects the lowest value if they are sufficiently
different,
hI =
hWhS
(hαW + h
α
S)
1/α
. (31)
Salpeter [2] proposed a quadratic interpolation (α = 2)
but a quartic interpolation (α = 4) has been also pro-
posed by Yakovlev [15]. These formulations reproduce
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FIG. 8. (Color online) Same as Fig. 7 for the H-Ag mixtures
of Table II at temperatures of 3200, 6400 and 12800 eV versus
concentration x.
very well our data in the weakly-coupled regime but give
a poorer estimation in the intermediate regime where
both hW and hS are of the same order. To cover this
regime, we correct the harmonic average at low temper-
ature by a factor of
√
2, while retaining hW at high tem-
perature
hII = Min
[√
2hI , hW
]
. (32)
This interpolation adequately reproduces our data in the
whole range of temperatures.
It is worth emphasizing that, at high temperature
(T > 3200 eV ), screening factors are much smaller than
in the intermediate regime but are more sensitive to the
presence of the heavy element. As a reference, we give
in Tables I and II, the screening factor for pure hydrogen
(in bold). This value is also fairly reproduced by Ichi-
maru’s parametrization [41]. When a slight amount of
heavy element (0.1, 1 and 5%) is added, the screening
is increased by a factor of more than five for the high-
est temperatures, but only by a factor of two at lower
temperatures.
VIII. CONCLUSION
We have addressed the plasma enhancement of nu-
clear reactions for asymmetric mixtures in the interme-
diate coupling regime of WDM, with partial ionization
and free-electron polarization. The enhancement factor
TABLE II. Parameters for MCHNC calculations (a, Q1, Q2)
and screening potential H0 at vanishing r for H-Ag mixtures
at 3200, 6400 and 12800 eV, for various concentrations x. ρmix
is given in g/cm3. Screening values in bold correspond to the
OCP enhancement for pure hydrogen. Gamma0 is the charge
independent coupling parameter.
H-Ag 3200 eV
x% ρmix a Q1 Q2 10
3Γ0 10
3H0/kT
0 2.00 1.10 0.997 - 7.7 1.14
0.1 2.17 1.11 0.997 44.39 7.6 1.87
1 3.40 1.18 0.997 44.28 7.2 4.45
5 6.10 1.41 0.997 44.08 6.0 7.32
10 7.42 1.64 0.997 44.02 5.3 8.19
25 8.70 2.04 0.997 43.92 4.2 9.18
50 9.28 2.50 0.997 43.89 3.4 9.53
75 9.49 2.84 0.997 43.88 3.0 9.66
100 9.61 3.11 - 43.87 2.7 -
H-Ag 6400 eV
x% ρmix a Q1 Q2 10
3Γ0 10
3H0/kT
0 2.00 1.105 0.999 - 3.8 0.40
0.1 2.17 1.113 0.999 45.88 3.8 0.70
1 3.38 1.180 0.999 45.82 3.6 1.68
5 6.02 1.413 0.999 45.73 3.0 2.80
10 7.29 1.626 0.998 45.69 2.6 3.19
25 8.52 2.058 0.998 45.65 2.1 3.52
50 9.06 2.524 0.998 45.64 1.7 3.66
75 9.27 2.862 0.998 45.63 1.5 3.71
100 9.37 3.135 - 45.63 1.4 -
H-Ag 12800 eV
x% ρmix a Q1 Q2 10
3Γ0 10
3H0/kT
0 2.00 1.11 0.999 - 1.9 0.142
0.1 2.17 1.11 0.999 46.50 1.9 0.256
1 3.38 1.18 0.999 46.47 1.8 0.628
5 6.03 1.41 0.999 46.42 1.5 1.05
10 7.30 1.63 0.999 46.40 1.3 1.17
25 8.53 2.06 0.999 46.38 1.0 1.30
50 9.08 2.52 0.999 46.38 0.8 1.35
75 9.28 2.86 0.999 46.37 0.7 1.37
100 9.39 3.13 - 46.37 0.7 -
is obtained from the short range behavior of pair dis-
tribution function from orbital free molecular dynam-
ics simulations. We considered mixtures of hydrogen at
various concentrations of copper and silver at densities
2− 30 g/cm3, and temperatures 100− 1600 eV. We find
that an effective binary ionic mixture reproduces ade-
quately the ionic structures provided that the effective
ionizations are defined through an iso-electronic density
prescription. This effective ionization captures the par-
tial ionization and the free-electron polarization. The
robustness of the eBIM concept is supported by our com-
parisons of two different chemical elements, Cu and Ag,
mixed with H, and by the temperature dependency for
different plasma coupling regimes. In particular, the
eBIM description, computed with the MCHNC approach,
reproduces the overcorrelation of the H subsystem, char-
acteristic of the crowding effect due to the high Z impu-
10
rity. In practice, MCHNC calculations yield straightfor-
wardly enhancement factors. Taking advantage of the ex-
cellent agreement between simulations and integral equa-
tions in the intermediate regime (100 < T < 1600 eV),
we pushed to the weak coupling regime (T > 3200 eV)
and found excellent agreement with the weak coupling
Salpeter prediction. In the intermediate regime, our re-
sults suggest a simple interpolation between weak and
strong coupling, with generalized Salpeter models for
partial ionization. The effect of the addition of a high Z
element has been quantified in both regimes: The plasma
enhancement is far higher in the weak coupling regime,
and can scale H0/kT by almost one order of magnitude.
The eBIM concept should find further applications in the
description of WDM mixtures, such as equation of state
and ionic transport coefficients [40, 42–44]. More com-
plex mixtures (ternary etc.) can be straightforwardly
addressed by this effective multicomponent modeling.
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Appendix: Structures and correlations
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